Abstract. In this paper we prove some common fixed point theorems for single valued and set valued mappings on a metric space. The theorems use minimal type commutativity and strict contractivity conditions with no continuity requirements. The theorems extend previous results on ¿-compatible and continuous maps of [1] and [11] to a wider class of weakly compatible mappings not necessarly continuous. Also, a common fixed point theorem which applies to a sequence of set valued mappings is given.
Introduction
Fixed point theorems for single valued and set valued functions have numerous applications in mathematical science and engineering (see [2] - [7] , [16] and references therein). Number of these theorems are very useful but their hypothesis are very difficult to satisfy (e.g. Banach contraction theorem). As is known, there are so many dicontinuous functions which have a fixed point and the most surprising one is Dirichlet map defined on R (i.e. fx = 1 if χ G Q and 0 otherwise, have 1 as a fixed point). This observation allowed several authors of the field to prove fixed point theorems without continuity assumptions.
After Jungck has introduced the notion of compatible and weakly compatible mappings for single valued maps [8] , many authors have immediately extended the concepts to set valued maps ( [9] , [10] , [12] ) and define, what they call, ¿-compatible and subcompatible mappings. The concepts have been used extensively to prove common fixed point theorems. The purpose of the present paper is to contribute in this field of investigation by proving some fixed point theorems for weakly compatible maps without need of continuity and using strict contractivity conditions. The results improve and extend, particularly, works of [1] and [11] . We end the paper by DEFINITION 2.1. A sequence {A n } of nonempty subsets of X is said to be convergent towards a subset A of X if (i) each point a of A is a limit of a convergent sequence {a n }, where a n G A n for η e Ν, (ii) for arbitrary ε > 0, there is an integer τη such that for η > m, A n Ç Α ε . Α ε =: {χ G Χ / 3α Ε A, a depending on χ and d(x, a) < e} .
A is then said to be the limit of the sequence {A n } .
sequences in B(X) converging respectively to A and Β in B(X). Then the sequence of numbers {<5(A n ,B n )} converges to δ(Α,Β).
LEMMA 2.2. Let {A n } be a sequence in B(X) and y be a point in X such that 6(A n ,y) -> 0. Then the sequence {A n } converges to the set {y} in B{X).
DEFINITION 2.2.
A set valued function F oí X into B(X) is said to be continuous at χ € X, if the sequence {Fx n } in B(X) converges to Fx whenever {x n } is a sequence in X converging to χ in X. If F is continuous at every point of X, we say that it is continuous. Note that if F is a single-valued mapping, then the set {fFx} consists of a single point. Therefore, diamfFx = 0 for &\\ χ E X and inequality above reduces to the next well-known condition given by Sessa [14] ; that is d(Ffx, fFx) < d{fx, Fx) for all χ 6 X.
Two commuting mappings F and / are weakly commuting but the converse is not true as shown in ( [7] ).
It is Jungck ([8] ), who generalized the notion of weakly commuting singlevalued mappings as follow. n-» oo = 0, whenever {x n } is a sequence in X such that lim fx n = lim gx n = t n-> oo n->oo for some t E X.
Weakly commuting maps axe compatible but converse is not true ( [8] ). Several authors (c.f [9] , [10] and [12] ) extend the domain of application of Definition 2.4 by introducing the compatibility of set-valued mappings as below. and f : X -> X are δ-compatible iff lim S(fFx n , Ffx n ) = 0, whenever {x n } is a sequence η-»oo in X such that fFx n 6 B(X), lim Fx n = {£} and lim fx n = t for some
Last definition have been extended in [10] in the following manner. and / : X X are weakly compatible (or subcompatible) if they commute at coincidence points that is {tex /Ft = {ft}} c. {t e X /Fft = fFt}.
In [9] and [10] it is proved that ¿-compatible mappings are weakly compatible but the converse is not true. Let us, to confirm this fact, consider the following example. for all x,y E X, where
If F weakly commutes with I, G weakly commutes with J, and I or J is continuous, then F,G,I and J have a unique common fixed point u € X. Further, Fu -Gu -{u} .
Recently, Ahmed [1] improves Theorem 2.1 as follows. Our aim, henceforth, is to establish and prove some fixed point theorems by dropping the hypothesis of continuity, using strict contractivity conditions and weakening the compatibility used in [1] to obtain, what we hope, improvements in many ways of several previous theorems.
Main results
Let F,G : X -• B(X) be set-valued mappings and J, J : X -> X be self mappings. Suppose that condition (3) is satisfied. Let XQ be an arbitrary point of X and choose a point x\ of X such that Jx\ G Fx o = ZQ. Furthermore, for this point x\ one can choose X2 € X such that 1x2 6 Gx\ = Z\. Continuing in this way, we can define inductively the sequence {xn} as follows:
Jx2n+1 e Fx2n = Z2n, IX2n+2 € Gx2"+i = Z2n+1, for η 6 Ν.
THEOREM 3.1. Let F,G : X -• B(X) be set-valued mappings and I, J : X -• X be self mappings satifying conditions (1), (2) and (3). If the pairs of mappings {F, 1} and {G, J} are weakly compatible, X is complete and either then F,G,I and J have a unique common fixed point u G X.
Moreover, Fu = Gu = {u} .
Proof. The hypotheses produce the sequence defined by (6) . Put, for convenience, Vn = δ(Ζη, Zn+\) for η Ε Ν. Using inequality (1) we obtain 
UG{X) Ç UG{X) or UF(X) Ç UF(X)
for η > 1. The same argumentation gives V2n+1 -δ(Ζ2η+1, Z2n+2) = 0(Fx2n+l, Gx2n+2)
for η 6 N. So, by letting a = max |c, ---1 .max |c, 1 and using hypothesis (2), we notice that 0 < a < 1. Consequently, we get 744 A. Djoudi, R. Khemis
for η € Ν. Let yn be an arbitrary point belonging to the set Zn, η Ε Ν. Having in mind condition (7), it follows that
By a routine calculation it follows that the sequence of points {yn} is a Cauchy one. Since X is complete, {yn} converges to some point u of X. In particular, sequences {Jx2n+i} and {Iχ2n} converge to u and sequences of sets {Fx2n} and {Gx2n+i} converge to the set {i¿}. Suppose now that the set UF(*) is closed i.e. UF(X) Ç UF(X). Then there is, by condition (3), a point ν E X such that Jv = u. Using (1) we obtain
Letting η -> oo in the above inequality and using Lemma 2.1 and condition (2) we get
which is a contradiction. Thus, {«} = Gv = {Jv}. But the pair of maps {G, J} are weakly compatible. Thus GJv = JGv i.e. Gu = {Ju}. We claim that u is a fixed point for G, hence for J. Suppose not. Then, by inequality (1), we get
Therefore, at infinity, by using (1) and Lemma 2.1, we get
This is a contradiction. Thus, we have {u} = Gu = {Ju} as claimed. Now, UG(X) C I(X) implies that Gu -{Iw}, for some w € X. Consequently, one has {u} = Gu -{Ju} = {Iw}. Then, using (1) 
< max{c, (a + b)} 5(Fu,u).
Here we reach a contradiction. Hence, Fu = {u}. Consequently, {it} = Gu = {Ju} = Fu = {lu}, and u is a common fixed point for F, G, I and J. Similarly, one can reach the above fact by assuming that UG(X) Ç
U G(X).
Finaly, we prove that u is unique. If not, let ζ be another common fixed point of these applications such that u^ z. Then, by inequality (1) we have, 
. Let F : X -• B(X) be a set-valued mapping and I : X -• X be a self mapping. Assume that F and I satisfy the conditions, (i) UF(X) C I(X), (ii) 6(Fx,Fy) < max{ cd(Ix,Iy),c6(Ix,Fx),c6(Iy,Fy), aD(Ix, Fy) + bD(Iy, Fx) } for all χ, y E X such that (2) holds true. If the pair of maps {F,I} are weakly compatible, X complete and UF(X) is closed, then F and I posess a unique common fixed point in X.
If we put F = G and I = J = Iχ (: the identity mapping of X) and we drop the closedness condition in Theorem 3.1, then we get the following Proof. Let xq G X be arbitrary and generate the sequence of points xn+i 6 Fxn, η € Ν. Put Vn = S (Fxn, Fxn+1) , η G Ν. Invoking (1') we obtain
By the same method we get
Hence we obtain (?/x i V2n < aV2n-2 < < a n Vi)
where α = max { c, ---1. max < c, -1. Choose yn € Fxn, η € Ν arl i-aj I i-M bitrary. Working as in the proof of Theorem 3.1 we conclude, by condition (7'), that {yn} is a Cauchy sequence and converges to some u E X. Particularly, {xn} converges to u. Consequently, {Fxn} converges to {u}. Using , since no continuity hypothesis is assumed here. Further in view of Example 2.1 given above, our theorem apply to a wider class of mappings than others, since the known type of compatibilities constitute a subclass of weakly compatible maps. In fact weak compatibility is the least condition for maps to have common fixed points.
The following example shows clearly the supremacy of our result. for all x,y E X, where 0 < c < 1, 0 < α + 6 < 1, hold whenever the right hand of (8) 
is positive. If the pairs of mappings {F, 1} and {G, J} are weakly compatible D-mappings and either U G(X) (resp.I(X)) or U F(X) (resp. J(X)) is closed, then F, G, I and J have a unique common fixed point in X.
Proof. Since F, I are D-mappings, there is a sequence {x n } in X such that, lim Ix n = t, and lim Fx n = {¿} for some t E X. Because UF(A') is closed, n-»oo n-»oo there is u E X such that t -Ju. By condition (8) So, Ju = /υ. Consequently, Fv -Iv -Ju -Gu. This means that the maps have a common fixed point. Using Condition (8) we easily check that the common point is unique.
• For a set-valued map F : X -> B(X) (resp. a self map I : X -> Χ), TF (resp. Τι) will denote the set of fixed point of F (resp. I). 
